Abstract. The paper associates Lagrangian submanifolds in symplectic toric varieties to certain tropical curves inside the convex polyhedral domains of R n that appear as the images of the moment map of the toric varieties.
1. Some background material 1. 1 . Symplectic toric varieties and the moment map. Let Λ ≈ Z n be a free Abelian group (a lattice) of rank n. Let A ≈ R n be an affine space over the real n-dimensional vector space Λ ⊗ R. Clearly we can identify T x A = Λ ⊗ R for the tangent space to A at any x ∈ A. In particular, the tangent spaces at all points of A are canonically identified.
Furthermore, as A is an affine space over T x A a choice of x gives an identification between A and Λ ⊗ R, A y → y − x ∈ Λ ⊗ R. Thus an element p of the dual lattice Λ * = Hom(Λ, Z) and a point x ∈ A define an affine function p x : A → R by y → <p, y − x>. We refer to A as the tropical affine space (more classically it is an affine space corresponding to the structure group obtained from the integer linear group GL(n, Z) by extending it with all real translations in R n ). Definition 1. 1 . A polyhedral domain ∆ ⊂ A is the intersection of a finite number of half-spaces {x ∈ A | p y j x ≥ a j }, j = 1, . . . , N , y ∈ A, a j ∈ R and p j ∈ Λ * such that the interior of ∆ is non-empty.
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A point z ∈ ∆ is called smooth if there exists an open neighborhood U z, a point y ∈ R n and an integer basis {p 1 , . . . , p n } ⊂ Λ * such that
A polyhedral domain is called Delzant, if all its points are smooth.
Suppose that (M, ω) is a 2n-dimensional symplectic manifold with a Hamiltonian action of the real n-torus T = (S 1 ) n , and µ : M → t * is the corresponding moment map, defined by (1) <Y, dµ(X)> = 2πω(X, Y ), for any Y ∈ t, X ∈ T u M , u ∈ M . Here t * is the dual vector space to the Lie algebra t of T . The element Y ∈ t yields a vector field on M through the action of T on M , thus the left-hand side of (1) is well-defined for any X ∈ T u M . The condition (1) defines µ up to a translation in t * , see e.g. [1] for details. Note that the Lie algebra t comes with a natural lattice Λ * ≈ Z n defined as exp −1 (0) for the exponent map exp : t → T so that T = t/Λ * . We have t * = Λ ⊗ R for Λ = Hom(Λ * , Z). Since µ is defined up to a translation, its target has a natural structure of an affine space over A, i.e. the tropical affine space. We write (2) µ : M → A for the moment map of (M, ω). The fibers of the moment map coincide with the orbits of the action of T .
Definition 1.2.
A symplectic toric variety is a 2n-dimensional symplectic manifold (M, ω) with a Hamiltonian action of the real n-torus T such that µ(M ) is a polyhedral domain.
Remark 1. 3 . If (M, ω) is compact 2n-dimensional symplectic manifold with a Hamiltonian action of the real n-torus T then µ(M ) is automatically a polyhedral domain, and furthermore is always smooth. For non-compact M then the condition that µ(M ) is polyhedral is a certain completeness condition on ω.
For any Delzant polyhedral domain ∆ ⊂ A there exists a symplectic toric variety (M ∆ , ω ∆ ) with µ(M ∆ ) = ∆, see [5] . Example 1. 4 . Suppose ∆ = A. The cotangent space T * A has a canonical symplectic structure ω = dα, α = pdq, q ∈ A, p ∈ T q A (so that α is a well-defined non-closed 1-form). The Lie algebra t = Λ * ⊗ R acts on T * A by translations preserving the form ω. Thus the quotient space M = (T * A)/Λ * together with the form ω is a symplectic manifold with an action of T = t/Λ * . According to (1) the moment map is given by the projection onto A, µ : M → A, (p, q) → q.
The quotient (M, ω) may be identified with the complex n-torus (C × ) n enhanced with a (C × ) n -invariant symplectic form
The torus T = (S 1 ) n acts on (C × ) n by coordinatewise multiplication (we identify S 1 with a unit circle in C). The moment map µ : (C × ) n → A coincides with Log : (C × ) n → R n , Log(z 1 , . . . , z n ) = (log |z 1 |, . . . , log |z n |)
after the identification of A with R 2 . In other words, we have a symplectomorphism between ((C × ) n , ω (C × ) n ) and (M, ω = n j=1 dp j ∧ dq j )
given by q j = log |z j |, p j = arg(z j ).
If ∆ = A then for each (open) face E ⊂ ∂∆ of codimension k the inverse image µ −1 (E) is fibered by k-dimensional tori whose tangent vectors are contained in the radical of the form ω restricted to the tangent space of µ −1 (E). Taking the quotient of µ −1 (∆) by this fibration over all the faces of ∂∆ is known as the symplectic reduction. In the case when ∆ is a Delzant polyhedral domain, this construction produces a smooth 2n-dimensional symplectic manifold (M ∆ = µ −1 (∆)/ ∼, ω ∆ ) with a Hamiltonian action of T such that the moment map µ descends by the projection µ −1 (∆) → M ∆ to the moment map µ ∆ : M δ → A, and the symplectic forms ω ∆ and ω agree on M ∆ µ −1 (∂∆) ⊂ M . In particular, we have µ ∆ (M ∆ ) = ∆.
Tropical curves in ∆.
LetΓ be a topological space homeomorphic to a finite graph. The subset ∂Γ ⊂Γ of 1-valent vertices and the subset V Γ of vertices of valence greater than 2 do not depend on the choice of a graph model forΓ, and thus are well-defined subspaces in the topological spaceΓ.
We set Γ =Γ ∂Γ. Connected components of Γ V Γ are homeomorphic to open intervals and are called edges of Γ. The set of edges of Γ is denoted with E Γ . An edge is called a leaf if it is adjacent to ∂Γ and and a bounded edge otherwise. Definition 1. 5 . The topological space Γ enhanced with an inner complete metric is called a (smooth, irreducible and explicit) tropical curve.
Specifying an inner metric on Γ amounts to specifying positive lengths of the edges of the graph. By the completeness assumption the lengths of the leaves must be infinite while the lengths of the bounded edges are finite. Remark 1. 6 . Definition 1.5 introduces smooth, irreducible and explicit tropical curves. For the purposes of this paper we refer to such curves simply as tropical curves. In a more general framework, there is a genus function (cf. e.g. [3] ) V Γ → Z ≥0 which can also be reformulated as a χ-measure (cf. e.g. [7] ). Then the set V Γ also includes vertices of valence 1 or 2 with positive values of the genus function. Such generalized curves are needed for compactifications of moduli spaces of tropical curves. In this paper we do not use them. Our tropical curves have the genus function equal to zero everywhere on V Γ .
Recall that a continuous map f : X → Y between topological spaces is called an immersion if it is a local embedding, i.e. for any x ∈ X there exists an open neighborhood U x such that f | U is an embedding of U to Y . Definition 1. 7 . An immersion h : Γ → A (between topological spaces Γ and A) is called tropical [14] , if the following conditions hold.
(a) For any edge e ∈ E Γ , a point x ∈ e and a unit tangent vector u ∈ T x e the restriction h| e is a smooth map such that
In particular, dh x (u) does not depend on the choice of x ∈ e and depends only on the orientation of e given by u. We denote dh(e) = dh x (u) ∈ Λ for the oriented edge e.
where the sum is taken over all edges e adjacent to v. The orientation of e is chosen to be away from v. This condition is known as the balancing condition. The tropical immersion is called locally flat if, in addition, the following condition holds.
(c) If a collection of edges {e j } ⊂ E Γ is adjacent to the same vertex v ∈ V Γ then the linear span of {dh(e j )} in Λ⊗R is 2-dimensional. The intersection h(Γ) ∩ ∆ ⊂ ∆ is called a locally flat tropical curve in a polyhedral domain ∆. (i) The tropical curve Γ is connected, 3-valent, and V Γ = ∅.
(ii) For any e ∈ E Γ the vector dh(e) is primitive element of the lattice Λ.
The image h(Γ) is called a primitive tropical curve in A. Definition 1. 9 . Let ∆ ⊂ A be a polyhedral domain and Γ ∆ be a topological space homeomorphic to a connected graph. An immersion
A ∆-tropical immersion h ∆ is called primitive if h can be chosen to be primitive and #(h −1 (x)) = 1 whenever x ∈ ∂∆. The symbol # stands for the cardinality of a set.
A subset C ⊂ ∆ is called a primitive tropical curve in ∆ if there exists a primitive ∆-tropical immersion
By the conditions (i) and (ii) of Definition 1.8 , and since h is a topological immersion, a small neighborhood of v in Γ ∆ and that of h(v) in C are homeomorphic.
Similarly, we get a 1-1 correspondence between h −1 (∂∆) and h −1 (∂∆). Also by (iii) if e 1 , e 2 ∈ E Γ are such that h(e 1 ) = h(e 2 ) then h(e 1 ) is transversal to h(e 2 ). This implies that the obtained correspondences extend to a homeomorphism Φ : Γ ∆ → Γ ∆ such that h ∆ = h ∆ • Φ. The same property implies the finiteness of Σ.
Thus we may speak of the vertices
The boundary points of a primitive tropical curve C in ∆ are the points of its (topological) boundary ∂C = C ∩ ∂∆. Each boundary point belongs to a unique (n − k)-dimensional (relatively open) face of the polyhedral domain ∆. We call k the codimension of a boundary point x ∈ ∂C. Definition 1. 11 . Let x ∈ ∂C be a boundary point of codimension 1, e x ∈ E Γ be the edge containing h −1 (x), and ∆ x ⊂ ∂∆ be the facet containing x. The boundary momentum p(x) ∈ N is the tropical intersection number of h(e x ) and ∆ x in A, i.e. the index in Λ of the sublattice generated by dh(e x ) and the elements of Λ parallel to ∆ x .
If y ∈ ∂C is a point of codimension 2 then it belongs to the closure of exactly two facets ∆ 1 and ∆ 2 . As above, we may define the boundary momentum of y with respect to ∆ j , j = 1, 2, as the tropical intersection number of h(e y ) and ∆ j . Definition 1. 12 . A boundary point y ∈ ∂C of codimension 2 is called a bissectrice if both of these boundary momenta are equal to 1. Definition 1. 13 . A primitive tropical curve in ∆ is called even if (1) all of its boundary points are of codimension at most 2, (2) all of its codimension 1 boundary points have boundary momenta equal to 2 and (3) all of its codimension 2 boundary points are bissectrice points.
Let v ∈ V C be a vertex of a primitive curve C in ∆ adjacent to the edges h(e j ), j = 1, 2, 3, e j ∈ E Γ where h : Γ → A is a tropical immersion with C = h(Γ) ∩ ∆. Definition 1.14. The multiplicity of v is the number (4) m(v) = |dh(e 1 ) ∧ dh(e 2 )|, i.e. the area of the parallelogram spanned by the vectors dh(e 1 ), dh(e 2 ) ∈ Λ.
Because of the balancing condition of Definition 1.7 we have m(v) = |dh(e j ) ∧ dh(e k )| for any j = k = 1, 2, 3.
The self-intersection number of v is defined as
Let w ∈ Σ(C) (which is a finite set by Proposition 1.10). The multiplicity of w is the number
|dh(e x ) ∧ dh(e y )|. Definition 1. 15 . The self-intersection number of a primitive tropical curve C in ∆ is defined as
The curve C is called smooth if δ(C) = 0.
Main result
Let ∆ ⊂ A be a Delzant polyhedral domain, M ∆ be the symplectic toric variety corresponding to ∆, and µ ∆ : M ∆ → ∆ be the moment map. Let C be a primitive tropical curve in ∆, and V C be the set of its vertices.
For a vertex v ∈ V C we denote with A v ⊂ A the 2-dimensional affine subspace containing the edges adjacent to v. Primitivity of v implies that there are three such edges, and that these edges do not overlap, so such A v is unique. Similarly, for an edge e ∈ E C we denote with A e ⊂ A the 1-dimensional affine subspace containing e. 
Recall that (in 2D-topology) a pair-of-pants P is a smooth surface diffeomorphic to a thrice punctured sphere. We denote by P δ the pairof-pants with δ nodes, i.e. the topological space obtained from P by gluing δ disjoint pairs of points to δ nodes of P ∆ .
Let A f ⊂ A be a k-dimensional affine subspace of A with an integer slope, i.e. such that its tangent space T A f ⊂ T A = Λ ⊗ R is generated by a k-dimensional sublattice of Λ. This is equivalent to requiring that the conormal space
n of the moment map µ ∆ can be considered as a (commutative and compact) Lie group. Denote with
∆ (∂∆) then y +Θ f is an affine subtorus of the (torus) fiber of µ ∆ : M ∆ → ∆ containing y. Here we are using the sum notations as we have the action of the Abelian group Θ on M Int ∆ coming from the action of Λ * ⊗ R on T * A. Recall that ν : L → M ∆ is called a Lagrangian immersion if L is a smooth n-dimensional manifold, ν is a smooth immersion, and the restriction of the symplectic form ω ∆ vanishes on the image (dν)T p L for any p ∈ L. A topological map is proper if the inverse image of any compact set is compact. Definition 2. 1 . We say that C ⊂ ∆ is Lagrangian-realizable if there exists a family of proper Lagrangian immersions (6) ν : L → M ∆ smoothly dependent on an arbitrary small parameter > 0 with the following properties.
∆ (x) = {x} × Θ, where e ⊂ C is the edge containing the point x. In other words, the intersection
is an affine subtorus in the fiber µ
In addition we have a diffeomorphism of pairs
2 is an embedding whose image is an irreducible immersed rational holomorphic curve with three punctures and δ(v) ordinary nodes. In particular, all nodes of
This theorem is proved in section 4. In the rest of this section we describe topology of the approximating Lagrangians L assuming that they exist. It turns out that their topology is determined by the tropical curve C ⊂ ∆ they approximate.
Remark 2.2. Theorem 1 is expected to be generalized to Lagrangian realizability of more general tropical subvarieties (not necessarily curves) in more general tropical varieties (not necessarily toric). In the process of writing the paper I have learned of a result by Diego Matessi [13] establishing Lagrangian realizability of tropical hypersurfaces in R n , n ≤ 3. In particular, Matessi introduces the notion of Lagrangian pairs-of-pants for tropical hypersurfaces in higher dimensions, which proves to be a very useful new geometric notion. Matessi's theorem [13] and Theorem 1 share a common special case establishing Lagrangian realizability for tropical curves in R 2 .
Proof. Since Θ f is tangent to the conormal direction of A f , any of its tangent vector belongs to the radical direction of the form ω ∆ restricted to (µ ∆ ) −1 (A f ). Since a Lagrangian subspace is a maximal isotropic direction in a tangent space to a symplectic manifold, any vector parallel to Θ f must be contained in T y L.
C ⊂ E C be the set of edges of C of finite length and e ∈ E b C . Choose a point ι(e) ∈ e in the relative interior so that it is disjoint from the (finite) self-intersection locus of
For v ∈ V C ∪ ∂C we denote by Q v the component of L T such that v ∈μ (Q v ) and byQ v its closure in L. Denote withP a compact pairs-of-pants, i.e. the complement of three disjoint open disks in S 2 . For the following series of propositions we assume that C ⊂ ∆ is an even primitive curve, > 0 is small, and ν : L ⊂ M ∆ is a Lagrangian immersion satisfying to the conditions (i) and (ii) of Definition 2. 1 .
T e , the union is taken over all e ∈ E C adjacent to v. Denote withP the compactification of the pair-of-pant P into the complement of three disjoint open disks in S 2 . Denote withP v ⊂P a partial compactification of P where we add a component E ≈ S 1 of the boundary
for some y ∈ M Int ∆ , and for any a ∈ Θ v and a bounded edge e ∈ E b C adjacent to v there exists b ∈ T e with
Here E ⊂ ∂P is the component corresponding to e.
Proof. By Lemma 2.3 the family y + Θ v fibers the n-dimensional manifoldQ v ⊂ L into (n − 2)-dimensional tori. Since these tori are affine subtori of Θ = (S 1 ) n , this fibration is trivial. Thus its base must be an orientable surface with boundary ∂P v , i.e. a partially compactified pair-of-pants, perhaps with some handles attached. By (ii) of Definition 2.1 the base must beP v itself. Consider a section Π 0 of the (trivial) fibrationQ v →P v . Deforming Π 0 is needed we may assume that Π 0 (E) is an affine subtorus of T e for each e ∈ E b C adjacent to v. The embedding
∆ (∂∆) induces an embedding of homology groups
The annihilator of its image is a rank n−2 sublattice of Λ. Let A f 0 ⊂ A be an (n − 2)-dimensional affine subspace parallel to this sublattice.
Any other (n − 2)-dimensional direction A f transversal to A v corresponds to the annihilator of another rank 2 sublattice of Λ * that can be obtained as a graph of a map
, and therefore to a map φ : Π 0 → Θ v . As Θ v ⊂ Θ is a subgroup, we may use φ to obtain a new section
The section Π produces a new trivialization of the bundleQ v →P v and thus a diffeomorphism Φ v,f as required by the proposition.
Consider a point w ∈ ∂C. Let A w ⊂ A be the (n − k)-dimensional affine span of the face of ∂∆ containing w. Here k is the codimension of the boundary point w. Clearly, ∂Q w = T e , where e ∈ E C is the edge adjacent to w. Proposition 2.5. If k = 2, and w is a bissectrice point of ∂C, then the closureQ w , w ∈ ∂C, is diffeomorphic to
n−2 is mapped to the affine 1-subtorus y + (Θ w ∩ Θ e ) ⊂ T e for some y ∈ T e . Suppose now that k = 1, and the boundary momentum of w ∈ ∂C is 2. This means that the subgroup H w = Θ e ∩ Θ w ⊂ Θ consists of two elements. Denote the non-zero element of H w with h w . Proposition 2. 6 . If k = 1 and the boundary momentum of C at w ∈ ∂C is 2 then the closureQ w , w ∈ ∂C, is diffeomorphic to the (nonorientable) manifold obtained from [0, 1]×(S 1 ) n−1 by taking the quotient by the equivalence {0} × {a} ∼ {0} × {a + h w }, a ∈ (S 1 ) n−1 . In particular,Q w fibers over the Möbius band with the fiber (S 1 ) n−2 .
Since this equivalence identifies pairs of points on the boundary of [0, 1] × (S 1 ) n−1 the resulting quotient is a manifold. Since adding an element of H w preserves an orientation of {0} × (S 1 ) n−1 , the resulting manifold is non-orientable.
∆ (w) fibers over (w, ι(e)] with the fiber Θ e . The manifoldQ w is obtained by taking the quotient of the limiting fiber over w by the action of
To see thatQ w fibers over the Möbius band we choose a 1-dimensional subtorus Θ 1 ⊂ Θ e containing the subgroup H w and a transversal (n−2)-subtorus Θ n−2 ⊂ Θ e such that Θ 1 ∩ Θ n−2 = {0}. The manifoldQ w fibers over the Möbius band obtained from [w, ι(e)] × Θ 1 by taking the quotient by the antipodal involution on {w} × Θ 1 . The fiber is
Corollary 2.7. We have a diffeomorphism
where the right-hand side is obtained by gluing the boundaries of the disjoint union ofQ v according to the diffeomorphisms identifying the components of ∂Q v and T e , e ∈ E b C , described by Propositions 2.4-2.6. Remark 2.8. Note that by Propositions 2.4-2.6, each component of L T fibers by (S 1 ) n−2 . This structure may be seen as a higherdimensional generalization of the graph structure on 3-manifolds studied by Waldhausen [24] . In particular, all Lagrangian varieties produced by Theorem 1 in the case n = 3 are graph-manifolds. If j = 0 then L is an orientable surface of genus b 1 (C). If j > 0 then L is a non-orientable surface homeomorphic to the connected sum of j + 2b 1 (C) copies of RP 2 with κ punctures.
This theorem is a special case of Theorem 1 and Corollary 2.7.
We may slightly generalize this theorem to tropical curves that are not necessarily primitive in ∆ by relaxing the conditions (i) and (ii) of Definition 1.8. Namely, let h ∆ : Γ ∆ → ∆ be a map obtained by restriction of a tropical immersion h :
∆ (x)) ≥ 2} is finite, and that the set h
However, instead of (ii) of Definition 1.8 we only require that for any e ∈ E Γ the image dh(e) ∈ Z 2 is non-zero. The greatest common divisor of the coordinates of dh(e) is called the weight of the edge h(e) ⊂ h(Γ). Assume that each point x ∈ C ∩ ∂∆ sits on an edge of Γ of weight 1, and is either a boundary point of codimension 1 with the boundary momentum 2, or a bissectrice point (of codimension 2).
As a planar tropical curve, the curve h(Γ) ⊂ R 2 is dual to a lattice subdivision S h of a lattice convex polygon N h , called the Newton polygon of h(Γ), see [14] . Each point v ∈ V Γ ∩ Σ(h) may be viewed as a vertex of the rectilinear graph h(Γ) ⊂ R 2 , and corresponds to a subpolygon N v ⊂ N h from S h . If v ∈ V Γ we define δ(v) to be the number of lattice points inside N v . A component of h(e) Σ(h) is dual to an edge from S h . The weight w(e) of e is one less than the number of lattice points in the dual edge. Thus the curve C = h(Γ ∆ ) ⊂ ∆ corresponds to a part S h ∆ ⊂ S h formed by the subpolygon and edges of S h dual to vertices of C and edges of C Σ(h ∆ ).
The curve C = ∆ ∩ h(Γ) does not have to be primitive, however we still have a version of Theorem 3.1. As before, we denote the number of codimension 1 boundary points (of boundary momentum 2) with j, and the number of ends of Γ ∆ = h −1 (∆) with κ. Let
e where the latter union is taken over the edges e ⊂ Γ ∆ of weight greater than one. E.g. in Figure 2 the set W coincides with the edge of weight 2. Note that W ⊂ Γ ∆ and recall that by our assumption an edge of Γ of weight greater than one must be disjoint from ∂Γ ∆ = h −1 (∂∆). For simplicity we assume that V Γ ∩ Γ ∆ = ∅ (note that we did not make such assumption in Theorem 3.1). 
Furthermore, let K ⊂ W be a connected component and Y K be the -neighborhood of h(K). We have the following properties.
• The inverse image
The number of ends (punctures) of L K coincides with the number of edges of Γ ∆ adjacent to K plus the number of ends of
ordinary (+1)-nodes (i.e. transverse double self-intersection points with positive local intersection number with respect to any orientation of L K ). Here # K (Σ(h ∆ )) is the number of pairs x = y ∈ K such that h(x) = h(y), and each such pair is taken with the weight equal to the tropical intersection of the edges e x x and e y y, i.e. the absolute value of the scalar product (dh(e x ), dh(e y )).
contains a boundary points of codimension 1, and a disk if µ ∆ • ν (B) contains a boundary points of codimension 2.
This theorem is proved in section 4 along with Theorem 1.
3.2.
Example: a real projective plane inside the complex projective plane. Let ∆ ⊂ R 2 be the triangle with vertices (0, 0), (1, 0) and (0, 1), and C be the interval between (0, 0) and ( The boundary of C consists of two points, one of codimension 1, and one of codimension 2. The point (0, 0) is a bissectrice point while the point (
) is of boundary momentum 2. We have V C = ∅. There is only one edge e ∈ E C . In particular, C is smooth.
By Theorem 3.1 there exists a Lagrangian surface diffeomorphic to
A surface of this kind has appeared in [2] for the following property.
. Then the restriction of ω ∆ to µ −1
is degenerate, and has a 1-dimensional radical direction which defines a S 1 -fibration λ : µ −1
is an embedding as noted in [2] .
More generally (by Lemma 2.3), we have
, where y(t) ⊂ Θ may vary with t ∈ [0, 1 2 ]. If y(t) = 0 ∈ Θ then L is the fixed point locus of the antiholomorphic involution (z : u : v) → (z,v,ū), and thus is a copy of the standard RP 2 ⊂ CP 2 in the homogeneous (z : x : y)-coordinates under the linear substitution u = x +ȳ, v =x + y.
3.3.
Example: tropical wave fronts of planar polyhedral domains. Let ∆ ⊂ R 2 be an arbitrary planar Delzant polyhedral domain, and δ > 0 is small. The domain ∆ is the intersection of N of half- 
with the corresponding vertices of ∆, and taking the union with ∂∆ ∆ we get an even primitive tropical curve W δ ⊂ ∆ such that all the vertices of ∆ are the bissectrice points of W δ , see Figure 4 . Since ∆ is assumed to be Delzant, the curve W δ is smooth for small δ > 0. The curve W δ can be considered as a tropical wave front, and appears in the framework related to Abelian sandpile models in ∆, see [8] . In particular, the evolution of this wave front beyond small values of δ also produces tropical curves, though perhaps of different combinatorial type.
By Theorem 3.1 W δ is Lagrangian-realizable by ∆ is Lagrangianrealizable by embedded tori in the case when ∆ is bounded, and by embedded cylinders otherwise. Figure 5 , are boundary points of codimension 1 and of boundary momenta 2. The curve is not smooth as its only vertex has the self-intersection number equal to 2. In a similar way we may construct two series of Lagrangian immersions of connected sum of Klein bottles with growing number of self-intersections. The resulting triangulation is convex in the sense of Viro patchworking [23] . Thus there exists a tropical curve C ⊂ R 2 dual to it, see [14] . By our choice of the subdivision we have b 1 (C) = 0. The leaves of C are orthogonal to the edges of the triangle N serving as the Newton polygon of C ⊂ R 2 . Namely, we have a leaf in the direction of (−2, 2k + 5), a leaf in the direction (−2, 3 − 2k), and four leaves in the direction (1, −2).
Example: Lagrangian embeddings of connected sums of Klein bottles to
Translating C sufficiently high up in the direction of (1, t) where 0 < t < Smoothing all ordinary nodes of Lagrangian immersions from Propositions 3.3-3.5 we recover proof of the following theorem of Givental.
Corollary 3.6 ([6]).
There exist Lagrangian embeddings of surfaces diffeomorphic to 2k + 1 copies of the Klein bottle to C 2 , k ≥ 1.
Remark 3.7. Another construction of Lagrangian embeddings of 2k + 1 copies of the Klein bottle to C 2 , k ≥ 1, can be given by Lagrangian surgery of an immersed Lagrangian spheres with 2k + 1 self-crossings (out of these k + 1 must be positive and k must be negative). The presence of negative crossing makes the result of the surgery non-orientable.
By the methods of this paper it is not clear if one can further degenerate the surfaces given by Corollary 3.6 to obtain such an immersed sphere. It might be interesting to detect whether this deformation exist or Corollary 3.6 gives a different example of embedded connected sums of Klein bottles.
Proof of Theorem 1
Consider the hyperkähler twist
2 is an immersed Lagrangian with respect to
Proof. The holomorphic 2-form (dx 1 + idy 1 ) ∧ (dx 2 + idy 2 ) must vanish on any tangent space to a holomorphic curve V . Therefore, the form (dx 1 +idy 2 )∧(dx 2 −idy 1 ) = (dx 1 ∧dx 2 −dy 1 ∧dy 2 )−i(dx 1 ∧dy 1 +dx 2 ∧dy 2 ) vanishes on any tangent space to HT(V ). In particular, the imaginary part on this form vanishes.
It is convenient for us to use two systems of coordinates: the multiplicative holomorphic coordinates (z j ) n j=1 ∈ (C × ) n and the additive real coordinates (x j , y j )
n , z j = e x j +iy j . For t > 0 the scaling map (10) sc t (x j , y j ) = (tx j , y j )
is a diffeomorphism of (C × ) n rescaling the symplectic form ω = 
The three rays of Y are symmetric with respect to GL 2 (Z), so it suffices to deform S t into S t in the class of Lagrangians within µ −1 (U (Y )) so that µ(S t ) ∩ {x 1 < − /2} = {x 2 = 0} ∩ {x 1 < − /2}.
But for small t > 0 over {x 1 < − /2} the Lagrangian surface S t is approximated by By the Darboux theorem, a small neighborhood of Z 0 in (C × ) 2 is symplectomorphic to a small neighborhood in its cotangent bundle (with the standard symplectic structure dp ∧ dq). Thus any surface approximating Z 0 is given by a small 1-form α on Z 0 . As S t is Lagrangian, we have dα = 0. Furthermore, α is exact if and only if γ α = 0 for a loop γ realizing non-trivial homology class in H 1 (Z 0 ) ≈ Z.
Taking γ = Z 0 ∩ {|z 1 | = s} for arbitrary small s > 0 we see that | γ α| must be arbitrary small itself. Thus γ α = 0, and so α = df for a smooth function f : Z 0 → R. Using the partition of unity we deform f to a smooth function f : Z 0 → R such that f (x 1 , x 2 , y 1 , y 2 ) = f if x 1 > −3 /4, and f (x 1 , x 2 , y 1 , y 2 ) = 0 if x 1 < − , and set S t to be the surface defined by f . Proof. Since C is trivalent, there exist an affine map ρ : R 2 → R 2 and a multiplicative-affine map
2 ) of determinant (resp. degree) equal to the multiplicity of the vertex v ∈ C, see Lemma 8.21 of [14] .
The image ρ C (S t ) is a rational curve with three punctures of the same Newton polygon as the tropical curve C ⊂ R 2 , i.e. a pair-ofpants. Thus it has arithmetic genus δ(v) which correspond to δ(v) ordinary nodes by Corollary 8.20 of [14] . We set L = ρ C (S t ) for small t > 0 and S t from the proof of Lemma 4.2.
Lemma 4. 4 . Let E j ∈ R n , j = 1, 2, be two disjoint open intervals parallel to the same integer vector u ∈ Z n and L j ⊂ (C × ) n be two smooth connected Lagrangian varieties such that µ(L j ) ⊂ E j , and L j is relatively closed in µ −1 (E j ).
There exists a Lagrangian variety
n−1 such that L 1 and L 2 are its subvarieties if and only if E 1 and E 2 belong to the same line E ⊂ R n . Furthermore, if
Proof. Without loss of generality we may assume that E j are parallel to (1, 0, . . . , 0). If E 1 and E 2 do not belong to the same line then without loss of generality we may also assume that the x 2 -coordinates of E 1 and E 2 are different. By Lemma 2.3, both L 1 ∪ L 2 contain x × Θ E for any x ∈ E 1 ∪ E 2 , where Θ E ⊂ Θ = (R/2π) n is the (n − 1)-dimensional subtorus conormal to E.
n be an interval connecting E 1 and E 2 . By Lemma 2.3, µ −1 (a j ) = {a j } × (y a j + Θ E ). Choose a smooth function I a → y a ∈ Θ = (R/2πZ) n , and consider the cylinder
Here Θ 2 ⊂ Θ is a circle given by y k = 0, k = 2. Note that the symplectic area of this cylinder is equal to 2π times the difference between the x 2 -coordinates of E 1 and
Then the two components of ∂W must be homologous in L and thus the area of W must vanish.
On the other hand, if E 1 , E 2 ⊂ E then we obtain L by extending the smooth function E 1 → E 2 a → y a ∈ Θ to E.
Remark 4.5. The Lemma above is related to the Menelaus theorem, in particular, to its tropical version, see [16] for the case n = 2. Namely, let L ⊂ (C × ) 2 be a properly immersed oriented Lagrangian surface with finitely many ends. For every end F of L we may take a loop γ F going around F in the positive direction. We can define the momentum m(F ) of F to be the integral of the symplectic form ω against a membrane connecting γ to a loop in the Lagrangian torus µ −1 (0). It is easy to see that the momenta of L coincide with the momenta of the corresponding ends of the tropical curve, and thus the next proposition corresponds to Proposition 6.12 of [16] . Proof. The union of all γ F is homologous to zero. Thus the union of all membranes for γ f can be completed by a Lagrangian chain (contained in the union of L and µ −1 (0)) to a closed surface in (C × ) 2 . But the integral of ω against any closed surface in (C × ) 2 is zero. It is an immersed isotropic pair-of-pants surface (which becomes half-dimensional, and thus Lagrangian once we restrict the ambient space to a complex monomial subsurface of (C × ) n corresponding to B).
Proposition 4.6 (Lagrangian Menelaus theorem). We have
Consider the (n − 2)-torus Θ v conormal to all three edges of C adjacent to v.
To finish the proof of the theorem we need to construct L over the neighborhoods of boundary points of C. If w ∈ ∂∆ is a boundary point we consider its -neighborhood I (w) ≈ [0, ) in C and set L w to be the closure of (I (w) {w}) × Θ w , where Θ w is the (n − 1)-dimensional subtorus of Θ = (R/2πZ) n conormal to I (w). If w is a boundary point of codimension 1 and boundary momentum 1 then L w is a smoothly embedded non-orientable Lagrangian variety diffeomorphic to the Möbius band times (S 1 ) n−2 . If w is a bissectrice point and ∆ = (R ≥ 0)
2 then locally C must coincide with the diagonal ray x 1 = x 2 . Thus the Lagrangian L w is a smooth disk that can be obtained from the complex disk contained in {z 1 = z 2 } as the image of the map HT. In the general case L w is the product of this disk and (S 1 ) n−2 .
Proof of Theorem 3.2. Suppose that ∆ ⊂ R 2 , but C ⊂ ∆ is allowed to have edges of multiple edge not adjacent to ∂∆. The proof is similar to the proof of Theorem 1, but instead of patching pairs-of-pants over neighborhoods of vertices of C we patch together Lagrangian surfaces over the components of W constructed in the following way. Let K ⊂ W be such a component. Extend all edges adjacent to K indefinitely as rays in R 2 . The result is a tropical curve. Its approximation by holomorphic curves is provided by Lemma 8.4 of [14] once we choose a marked point at all but one leaf of that curve. To finish the proof we apply the map HT to the approximating curves. From now on we assume that the graph Γ with κ ends is 3-valent, so that
The right-hand side is the expected dimension of Def(h) which agrees with the expected dimension of the space of deformations of a classical curve of genus g in an n-fold where the value of the first Chern class on this curve is equal to κ. One may also note that in any toric compactification of R n the first Chern class is represented by the union of divisors at infinity, and so κ indeed corresponds to the value of the first Chern class in the case if the weights of all the leaves of h : Γ → R n are 1.
Remark 5.2. We say that h : Γ → R n is a rational tropical curve in R n if b 1 (Γ) = 0, i.e. Γ is a tree. Clearly any such curve is regular as the codimension in R b × R n is tautologically zero.
Theorem 1 of [15] claims that all regular tropical curves are classically realizable. The survey [15] did not contain any proofs, but various versions of tropical-to-complex correspondences for regular curves had appeared in [14] , [20] , [21] , [18] , [22] , [17] , [11] (the list is not exhaustive). This correspondence is particularly useful for studying some classical enumerative problems on the number of curves of given degree and genus passing through a number of constraints. For the purposes of this paper we are interested in the example of a tropical enumerative problem considered in the next subsection. In particular, in the remaining part of the paper we restrict our attention to rational tropical curves.
A tropical enumerative problem in R
3 (an example). Consider the following example of a tropical enumerative problem in Let Z = {z j } κ j=1 z j ∈ Z 3 be another collection of non-zero integer vectors, this time without an extra conditions on the sum. Consider a configuration L = {l j } κ j=1 of lines l j ⊂ R 3 such that l j is parallel to z j . We say that a tropical curve h :
, e j ∈ E Γ , be a collection of edges of Γ (maybe with repetitions). We say that h :
For the collection Z we denote the space of all compatible configurations L with M(Z). Clearly, M(Z) ≈ (R 2 ) κ is an affine space over a vector space of dimension 2κ. Thus we may speak of generic configurations L. Definition 5. 3 . We say that h : Γ → R 3 and h : Γ → R 3 are of the same combinatorial type if there exists a homeomorphism Φ : Γ → Γ that sends an oriented edge e ∈ E Γ to an oriented edge e ∈ E Γ so that dh(e) = dh (e ) ∈ Z 3 . We have denoted the combinatorial type of h with Def(h).
Clearly, there are finitely many combinatorial types of curves of a given toric degree passing through L at E.
Lemma 5. 4 . If L is chosen generically in M(Z) then there is at most one curve in the combinatorial type of a tropical rational curve of toric degree D passing through L at E.
Furthermore, if a tropical curve h : Γ → R
3 passes through L then Γ of h is 3-valent, and the inverse image h −1 (l j ) is finite and disjoint from V Γ . In addition we have dh(e) = 0 for any e ∈ E Γ .
Proof. By regularity of rational tropical curves we have dim Def(h) ≤ κ, and dim Def(h) < κ unless Γ is 3-valent. For a vertex v ∈ V Γ consider the map ev v : Def(h) → R 3 defined by ev v (h) = h(v). For an edge e ∈ E Γ define the space R 3 /dh(e) ≈ R 2 as the quotient of R 3 by the subspace generated by the vector dh(e) if it is non-zero and as R 3 /dh(e) = R 3 if dh(e) = 0. Define the map
by setting ev e (h ), h ∈ Def(h), to be the image of the edge h (e) under the projection R 3 → R 3 /dh(e). Clearly, these are linear maps
The lemma now follows from computing dimensions once we note that if dh(e ) = 0 for an edge e then the map Def(h) → R 3 /dh(e) has a kernel corresponding to varying of the length of e for any e ∈ E Γ . 
For every
as the direct sum of the maps sending h ∈ Def(h) to the mixed product of d j , z j and any vector connecting a point of h(e j ) and a point of l j . The curve h : Γ → R 3 passes through L at E if and only if ev E = 0. The map ev E is linear and defined over Z.
The multiplicity m(h, E, L) of a tropical curve h passing through L at E is the absolute value of the determinant of ev e . We set
where the sum is taken over all possible configuration of edges E = {e j },
is the number of tropical curves passing through L. It can be shown that m(D, L) depends only on D and Z (recall that L is chosen generically). In particular, this claim follows from the correspondence with the number of complex curves in (C × ) 3 of toric degree D passing through an appropriate collection of monomial curves defined by Z which is a special case of [18] . 6 . Rational tropical curves and three-dimensional Lagrangians 6.1. A vector product formula for the tropical multiplicity m(h, L). In this subsection we compute the multiplicity m(h, L) from (14) for a rational 3-valent tropical curve h : Γ → R 3 of toric degree D passing through a generic configuration L of lines l j ⊂ R 3 parallel to a collection Z = {z j ∈ Z 3 }, j = 1, . . . , κ in a special case of the so-called boundary configuration.
Definition 6.1. We say that L is a boundary configuration for h if for every j = 1, . . . , κ there exists a leaf (unbounded edge) e j ⊂ Γ such that h −1 (l j ) is a point contained in e j and e j = e k if j = k.
For the rest of the section we assume that L be a boundary configuration for h. Recall that d j = dh(e j ) ∈ Z 3 is the image of a unit tangent vector to the edge e j under the differential of h.
Definition 6.2. The leaf rotational momentum
is the vector product of u j and z j . Like the vectors u j and z j themselves, it is well-defined up to sign.
The tree Γ with the leaf e κ chosen as the root encodes a way to place parentheses for the binary operation on the leaves e 1 , . . . , e κ−1 . Namely, Γ is oriented towards the root, and the orientation determines the order of binary operations, see Figure 8 . We start with the rotational momenta at the leaves e 1 , . . . , e κ−1 . At every vertex of Γ we have two incoming edges ι 1 , ι 2 ∈ E Γ , and an outgoing edge o ∈ E Γ . If the rotational momenta for the incoming edges are already defined then we define the rotational momentum for the outgoing edge as
i.e. the vector product of the rotational momenta of the incoming edges followed by the vector product with the image of a unit vector to the outgoing edge. The vector ρ(o) is well-defined up to sign as we do not have a preferred order for the incoming edges, but so are the rotational momenta for the incoming edges.
Remark 6.3. Presence of the triple vector product in (15) is related to our usage of a vector product which depends on the scalar product in R 3 that is not canonical for our problem. However, thanks to the double appearance of the vector product operation, the result depends only on the volume form in R 3 = Z 3 ⊗ R that is naturally associated with the tropical structure, cf. Remark 6.8. Namely, the image of the unit vector dh(o) and the rotational momenta ρ(ι j ) belong to dual vector spaces. More canonically, we may replace the vector product with the wedge product followed by the isomorphism to the dual space (cf. (18)), so that the image of ρ(ι 1 ) ∧ ρ(ι 2 ) and dh(o) belong to the same (dual) vector space. Taking their wedge product followed by the isomorphism back to the original space we obtain the rotational momentum ρ(o) from the same vector space as ρ(ι j ).
Starting from ρ(e j ), j = 1, . . . , κ−1, and applying (15) at all vertices we obtain the rotational momentum ρ(e κ ).
3 is the scalar product of ρ κ and ρ(e κ ). It is well-defined up to sign. Example 6.5. If Γ is a tripod then κ = 3 and
is the mixed product of the rotational momenta ρ 1 , ρ 2 , ρ 3 ∈ Z 3 .
Lemma 6.6. The h-product (z 1 , . . . , z κ ) h does not depend on the choice of the root leaf e κ and thus on the order of z 1 , . . . , z κ .
Proof. It is convenient to allow a 3-valent vertex v ∈ Γ to be a root as well. We have the binary operations for rotational momenta as before for edges with two input and one output vertices. At v we have three input vertices and perform the mixed product.
By the property of the mixed product of three vectors in R 3 the result (up to sign) is invariant under all permutations of these vectors. This implies that the mixed h-product stays invariant if we change the root from a leaf to its adjacent 3-valent vertex, or from a 3-valent vertex to an adjacent 3-valent vertex.
Proposition 6.7. The absolute value |(z 1 , . . . , z κ ) h | coincides with the multiplicity m(h, L).
Proof. The proposition amounts to computing the determinant of the map (13) in the case when Γ is a trivalent tree, and the line l j intersects the leaf e j of Γ. We do it by induction on the number of vertices of Γ.
If Γ has a single 3-valent vertex then Def(h) can be identified with translations in R 3 . The coordinates of ev E are given by the rotational momentum of the leaves e j . Thus the proposition in this case follows from the interpretation of the (classical) triple mixed product as the determinant of the parallelepiped built on the vectors.
Let Γ be a tree with at least two 3-valent vertices, and p ∈ Γ be a point inside a bounded edge e of Γ. The complement Γ {p} consists of two components. Extending their edges adjacent to p indefinitely to rays r j we obtain two rational 3-valent tropical curves h j : Γ j → R 3 , j = 1, 2, with the property that h(r 1 ) and h(r 2 ) are contained in the same line of R 3 . We get a linear inclusion map Def(h) → Def(h 1 ) × Def(h 2 ) with the image given as the pull-back of the diagonal in (R 3 /dh(e)) × (R 3 /dh(e)) under the map
The vector space E = (R 3 /dh(e)) ≈ R 2 is by construction defined over integers. Denote the underlying integer lattice with Λ E ≈ Z 2 . The generator Λ h ∈ Λ κ (Def(h)) ≈ R of the top exterior power of the integer lattice in Def(h) is well-defined up to sign. It is given as the pull-back of the integer generator of the exterior square of the diagonal in E × E which in its turn is given as
are given by an integer basis a, b ∈ Λ E j , where E 1 (resp. E 2 ) is the first (resp. the second) copy of E in the product
Note that the number of vertices of each tree Γ j is smaller than that of Γ. Let us choose r 1 as the root leaf of Γ 1 and compute the rotational momentum ρ(r 1 ) starting from all the other leaves of Γ 1 . Let l a be the line parallel to ρ(r 1 ) and passing through p and l b be the line parallel to ρ(r 1 ) × (dh 1 (r 1 )) and passing through p. Note that the projections of l a and l b to E are two lines containing a basis of Λ E .
We claim that
where L j is the subconfiguration of L consisting of lines adjacent to h j (Γ j ), and w(e) is the weight of the edge e ∈ E Γ , i.e. the ratio of dh(e) ∈ Z 3 and a primitive integer vector in the same direction. To see this we use (16) and use a basis of Λ 1 (Λ E ) given by the projection of the lines l a and l b . The evaluation map (13) extends to the ambient space Def(h 1 ) × Def(h 2 ) that corresponds to disconnected graphs Γ 1 ∪ Γ 2 . The pull-back of the integer volume form on R κ vanishes on the first two summands of (16) by dimensional reasons. Furthermore, it vanishes on the last summand of (16) by the definition of ρ(r 1 ) and the induction hypothesis applied to h 1 as the scalar product of ρ(r 1 ) and ρ(r 1 ) × (dh 1 (r 1 )) is zero, and thus m(h 1 ,
as the factor w(e) appears two times in ev r 1 × ev r 2 . But the projection of ρ(r 1 ) to E is ±m(h 1 , L 1 ∪ l a )a and the proposition follows from the induction hypothesis applied to h 2 . Remark 6.8. As we have already seen (cf. Remark 6.3), the vector product presentation of tropical multiplicity of Theorem 6.9 is based on the explicit isomorphism given between R 3 ≈ V = Λ ⊗ R and its dual vector space R 3 ≈ V * = Λ * ⊗ R provided by the scalar product. Alternatively, a vector product in V can be replaced with the wedge product followed by the isomorphism between the wedge square of V and V * provided by the volume form coming from the integer lattice Λ ⊂ V (see (18) ). Note that the latter isomorphism is canonical up to a sign. This viewpoint may be used for generalization to higher dimensions.
As the author has learned during the final stage of preparation of this paper, the vector product formula for tropical multiplicities from Proposition 6.7 is generalized to higher dimensions in the upcoming work of Travis Mandel and Helge Ruddat [12] to polyvector calculus replacing the vector product. Their generalization also allows working with curves of positive genus as well as with gravitational descendants.
Also an earlier work of Mandel and Ruddat [11] has announced appearance of tropical Lagrangian lens spaces L(p, q) in the mirror dual quintic 3-folds associated to tropical lines of multiplicity p which coincides with #(H 1 (L(p, q))) in an upcoming work of Cheuk Yu Mak and Helge Ruddat [10] . Their work should be particularly relevant to Theorem 6.9 and Example 6.17.
6.2.
Lagrangian rational homology spheres in toric 3-folds. Let C be a compact even primitive tropical curve in a Delzant polyhedral domain ∆ ⊂ R 3 which does not have boundary points of codimension 1 (i.e. such that all of its boundary points are bissectrice points). By Theorem 1 the curve C is Lagrangian-realizable by immersions ν : L → M ∆ of oriented closed (compact without boundary) smooth 3-manifolds L. Suppose that C has κ bissectrice points w j , j = 1, κ. Each w j is is adjacent to an edge e j ⊂ C. Extending edges e j to unbounded rays through the exterior of ∆ gives us a tropical curve h : Γ → R 3 such that C = h(Γ) ∩ ∆. Also w j is contained in an edge of the 1-skeleton of ∂∆. Let l j ⊂ R 3 be the line containing this edge and L = {l j } κ j=1 . Choose z j ∈ Z 3 to be one of the two primitive vectors parallel to l j . The the mixed h-product (z 1 , . . . , z κ ) h is now given by Definition 6. 4 . Define the vertex multiplicity of C as mv = (z 1 , . . . , z κ ) h = 0 then for small > 0 the 3-manifold L is an oriented rational homology sphere such that
Let ∆ t , t ∈ [0, 1] be a small deformation of the polyhedral domain ∆. This means that
and a j (t) ∈ R is a slowly varying smooth function.
More precisely, the symplectic quotient construction applied to the deformation ∆ t yields a topological space M∆ that maps to [0, 1] with the fiber M ∆t over t ∈ [0, 1]. Note that M∆ is a smooth manifold outside of the points corresponding to the 2-skeleton of ∆(t). Smooth deformation ν (t) : L(t) → M ∆(t) means a smooth immersioñ
Proof of Corollary 6. 10 . By Proposition 6.7, the mixed h-product coincides up to sign with the determinant of the linear map (13) . A small deformation of the 1-skeleton of ∆(t) results in a small deformation L(t) of L. In its turn this deformation determines a point q(t) ∈ R l , l = κ, close to the origin and such that h ∈ Def(h) passes through L(t) iff ev E (h ) = q(t). Since the determinant of (13) is not zero, we may find a deformation C(t) ⊂ ∆(t) in the class of rational even primitive tropical curves and lift them in the family as in the proof of Theorem 1.
Example 6.11. The conclusion of Corollary 6.10 may be false in the case if (z 1 , . . . , z κ ) h = 0. For example, let
where R(t) is the rectangle with vertices (−1, −1), (−1, 1), (1 + t, 1),
where the symplectic area of the first CP 1 is 2π(2 + t), while that of the second CP 1 is 4π. The square R(0) contains the interval C = [(−1, 1), (1, −1)] which is an even primitive ∆-tropical curve that is Lagrangian-realizable by an embedded sphere of homology class (−1, 1) ∈
However the symplectic area of this class for t > 0 is non-zero and thus it cannot be realized as a Lagrangian. 
Note that in this example
where dh(e) = (1, −1, 0) is the primitive integer vector parallel to the only edge of C.
Proof of Theorem 6.9. Choose a bissectrice point p ∈ C ∩ ∂∆ as the root of the tree C, and orient all edges of C towards p. We adopt the notation T e from the proof of Lemma 2. 3 . We have T e = {ι(e)} × (y + Θ e ).
is a 2-plane conormal to the edge e. Denote mv(e) = v m(v), where the product is taken over all vertices of C that correspond to L + (e), i.e. all the vertices that precede e in the order corresponding to the orientation given by the root vertex p.
Lemma 6. 12 . If the rotational momentum ρ(e) of an edge e ∈ E C is not zero then the torsion of H 1 (L + (e)) is a finite group of order n(e)/ mv(e), where n(e) is the GCD of the coordinates of ρ(e), i.e. ρ(e) = n(e)ρ (e) for a primitive vector ρ (e) ∈ Z 3 . Furthermore, the bivector in Λ 2 (R 3 ) corresponding to ρ(e) (see (18) ) is conormal to the kernel of H 1 (T e ; R) → H 1 (L + (e); R).
Recall that the vector product of two vectors u 1 , u 2 ∈ R 3 may be defined (using the scalar product (, ) in R 3 ) through the identity
that should hold for any vector u ∈ R 3 for the volume 3-vector vol ∈ Λ 3 (R 3 ) defined by the metric (, ). The vector product can be thought of just as a vector encoding of this bivector through (18) with the help of the scalar product in R 3 . Since by its definition the rotational momentum ρ(e) is obtained as the vector product of a certain (inductively defined) vector and u e , the vectors ρ(e) and u e are not parallel unless ρ(e) = 0.
Proof of Lemma 6.12. Suppose that e ⊂ C is a leaf not adjacent to the root vertex p. Then e is adjacent to another bissectrice point p e ∈ C∩∂∆. Let z e ∈ Z 3 be a primitive tangent vector to the edge of ∂∆ containing the point p e . By the construction of
and the kernel of H 1 (T e ; R) → H 1 (L + (e); R) is cut by the conormal torus of z e (i.e. the torus conormal to the bivector encoded by ρ(e) through (18)). In this case there is no torsion in H 1 (L + (e); Z) ≈ Z. Also ρ(e) is primitive as p e is a bissectrice point.
Let e be an oriented edge whose source is a 3-valent vertex v ∈ V C . By the induction hypothesis we know that the lemma already holds for the two edges ι 1 , ι 2 that are incoming with respect to v. Suppose at first that m(v) = 1. Then ν induces an isomorphism between H 1 (Q v ) and
bounded by the tori T ι 1 , T ι 2 and T e ). The
which is two-dimensional by the induction hypothesis unless ρ(e) = 0).
Let Λ ι ⊂ Z 3 be the lattice formed by the integer vectors parallel to the elements of K ι 1 + K ι 2 . Consider the inclusion homomorphism
from the exact sequence of the pair (
. By the excision property, the homology groups to the left and to the right of this homomorphism in the long exact sequence are torsion-free. Thus the torsion of H 1 (L + (e)) decomposes into the sum of the torsions of H 1 (L + (ι j )), j = 1, 2, and the quotient Λ ι /(K ι 1 + K ι 2 ). Thus #(H 1 (L + (e))) equals to n(ι 1 )n(ι 2 ) times the GCD of the coordinates of ρ (ι 1 )×ρ (ι 2 ). The kernel K e ⊗R is the intersection of K ι 1 ⊗R+K ι 2 ⊗R with H 1 (T e ; R) ⊂ H 1 (Θ; R) = R 3 and thus is conormal to the bivector corresponding to ρ(ι 1 ) × ρ(ι 2 ).
If
induced by ν is injective, but not surjective. Its image is a sublattice of index m(v). Thus to get #(H 1 (L + (e))) we have to divide the product of n(ι 1 )n(ι 2 ) and the GCD of the coordinates of
is defined over R, thus its computation is the same as in the m(v) = 1 case.
To finish the proof of Theorem 6.9 we apply Lemma 6.12 to the leaf e p of C adjacent to the bissectrice point p. The manifold L is obtained by gluing of L + (e p ) and S 1 ×D 2 along their common boundary T e ≈ (S 1 ) 2 . The kernels of the maps from H 1 (T e ) into these 3-folds are isomorphic to Z and described by the rotational momenta ρ(e) and ρ p . The cardinality #(H 1 (L)) equals to the product of the cardinality of the torsion subgroup of H 1 (L + (e p )) and the GCD of the coordinates of ρ (e) × ρ p (recall that ρ p is primitive as p is a bissectrice point), i.e. to (z 1 , . . . , z κ ) h in the case when the latter quantity is non-zero. If (z 1 , . . . , z κ ) h = 0 then H 1 (L; R) = 0. Remark 6. 13 . Note that the topology of L is determined by the tropical curve C ⊂ L and the lines containing the edges of ∆ incident to C. In other words, it is determined by the tropical curve h : Γ → R 3 and the lines L forming a boundary configuration for h. Furthermore, we may construct the 3-manifold L even in the case when no suitable Delzant domain for (h, L) exists.
Upgrading the tropical multiplicity m(h, L) to a torsion group H 1 (L) of order m(h, L) may be considered as a certain refinement of m(h, L). It might be interesting to attempt to extract finer invariants in tropical Proof. Since d j × z j is primitive, we may find a j , b j ∈ Z 3 such that a j + b j = −d j , and (a j , b j , z j ) = 1, i.e. such that a j , b j , z j is a basis of Z 3 . Define ∆ a j (resp. ∆ b j ) to be the half-space passing through p j whose boundary is parallel to z j and a j (resp. b j ) and containing the edge of C adjacent to p j . The intersection ∆ j = ∆ a j ∩ ∆ b j is a Delzant domain which has l j as its apex edge. We set
where U p j is a ball around p j of a small radius, and U C is a very small open neighborhood of C. The proof of Theorem 1 produces Lagrangian realizability of C ⊂ ∆ in the (non-compact) symplectic manifold M ∆ in the same way as in the case when ∆ is a global Delzant domain.
The following two examples show that the topology of the Lagrangian 3-fold L is not determined by the corresponding tropical multiplicity even in the case when the multiplicity is 1. In the first example we may find an (h, L)-suitable Delzant domain ∆. In the second example we do not claim existence of an (h, L)-suitable Delzant domain, though we can still easily lift L 8 to a singular toric 3-fold M ∆ (for non-Delzant compact polyhedral domain ∆) so that L 8 intersect the singular locus of M ∆ . Also Proposition 6.16 provides a Lagrangian embedding of L 8 to a non-compact toric symplectic manifold. It is easy to see that such ∆ p,q exists for arbitrary p, q. Since (0, 0, 1)× z j ∈ Z 3 , j = 1, 2, is primitive, we may present l j as the apex edge of the intersection of two half-space such that C has the boundary momentum 1 with respect to each of them. The intersection of the four half-space is a tetrahedron ∆ p,q which has rational slope, but is, perhaps, nonDelzant at some of its faces disjoint from C. To get ∆ p,q we truncate the tetrahedron ∆ p,q at such faces. Note that a truncation ∆ p,q ⊂ ∆ p,q may be associated to a toric resolution M ∆p,q → M ∆ p,q of the toric orbifold M ∆ p,q . It is easy to see that L 8 is the Poincaré homology sphere, i.e. the Seifert-fibered homology sphere with three multiple fibers of Seifert invariant (2, 1) = (2, −1), (3, 1) and (5, 1), cf. [9] .
We may find a compact polyhedral domain ∆ 8 ⊃ C with edges parallel to z j , containing e j . A straightforward modification of Theorem 1 produces a Lagrangian mapping of L 8 to the orbifold M ∆ 8 . Figure 11 . The Poincaré sphere from a tropical curve.
To find ∆ 8 we define the convex domains ∆ j , j = 1, 2, 3, to be the convex hull of l j and the rays emanating from p j in the direction of (1, 1, 0) and (0, −1, 0) for j = 1; (−1, 0, 0) and (1, 1, 0) for j = 2; (0, −1, 0) and (−1, 0, 0) for j = 3, see Figure 11 . We set ∆ 8 = {|x| ≤ } ∪ Perturbing ∆ 8 by introducing more faces to resolve singularities of M ∆ 8 we may obtain a Delzant polyhedron∆ 8 also containing C in a way that the endpoints of C sit on the edges of∆ 8 parallel to l j . This gives us a Lagrangian mapping of L 8 to the smooth symplectic toric manifold M∆ 8 . Note, however, that this mapping is not an embedding unless the edges e j can be made bissectrices of the corresponding angles. We have m(h, L) = 1 for the associated tropical problem both in Example 6.18 and in Example 6.17 for p = 1. Nevertheless, topology of the corresponding Lagrangian manifolds is different: L 1,0 is the standard sphere S 3 while L 8 is the (non simply connected) Poincaré sphere.
